
cramer von mises test
cramer von mises test is a vital statistical tool used to assess the goodness-of-fit between an
empirical distribution and a theoretical probability distribution. This non-parametric test is particularly
valuable in cases where researchers want to verify if a data sample follows a specific distribution
without relying on parametric assumptions. The Cramer von Mises test is part of a broader family of
goodness-of-fit tests that include the Kolmogorov-Smirnov and Anderson-Darling tests, but it is
distinguished by its sensitivity to discrepancies across the entire range of the distribution. This article
provides a detailed exploration of the Cramer von Mises test, including its definition, mathematical
foundation, applications, and advantages in statistical analysis. Additionally, the article will examine
how the test is performed, interpret its results, and compare it with other goodness-of-fit tests.
Understanding the nuances of the Cramer von Mises test is essential for statisticians, data scientists,
and researchers involved in hypothesis testing and distribution fitting.
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Overview of the Cramer von Mises Test
The Cramer von Mises test is a statistical method designed to evaluate how well a set of observed
data fits a specified probability distribution. It belongs to the class of goodness-of-fit tests, which help
determine whether data conforms to a hypothesized model. Unlike some other tests, the Cramer von
Mises test considers the squared differences between the empirical distribution function (EDF) and
the cumulative distribution function (CDF) of the theoretical model over the entire range of the data.
This integral approach gives the test sensitivity to differences anywhere in the distribution, not just at
the extremes or the center.

Developed by Harald Cramér and Richard von Mises in the early 20th century, the test has since
become an essential tool in statistics, particularly in fields where validating model assumptions is
critical. It is applicable to both continuous and discrete distributions and can be adapted for
composite hypotheses when parameters are estimated from the data.



Definition and Purpose
The core purpose of the Cramer von Mises test is to quantify the discrepancy between the observed
data’s empirical distribution and the theoretical distribution under the null hypothesis. The null
hypothesis typically states that the sample data follows the specified distribution, while the
alternative hypothesis asserts deviation from it. By providing a test statistic that measures this
deviation, the Cramer von Mises test offers a rigorous method to accept or reject the null hypothesis
based on statistical significance.

Key Features

Non-parametric: Does not assume parameters of the underlying distribution are known.

Integral-based: Uses the integral of squared differences between EDF and CDF.

Applicable to various distributions: Normal, uniform, exponential, and others.

Sensitive to deviations across the full data range.

Can be adjusted for parameter estimation effects.

Mathematical Foundation and Formula
The Cramer von Mises test statistic is derived from the squared differences between the empirical
distribution function and the theoretical cumulative distribution function. Given a sample of size n, the
empirical distribution function, F_n(x), is the proportion of sample points less than or equal to x. The
theoretical CDF, F(x), represents the hypothesized distribution.

The test statistic W^2 is mathematically expressed as:

W^2 = n ∫ [F_n(x) - F(x)]² dF(x)

In practice, this integral is calculated using ordered sample data points, which simplifies computation
and allows for tabulated critical values for hypothesis testing.

Calculation Using Sample Data
Suppose the ordered sample data points are denoted by X₁ ≤ X₂ ≤ ... ≤ Xₙ. The test statistic can be
computed via the formula:

W^2 = (1/(12n)) + Σ from i=1 to n [F(X_i) - (2i - 1)/(2n)]²

Here, F(X_i) is the theoretical CDF evaluated at the ith ordered data point. This formula accounts for
the difference between the empirical and theoretical distributions at each sample point, weighted by
the sample size.



Distribution of the Test Statistic
Under the null hypothesis, the distribution of the Cramer von Mises test statistic is known, enabling
the calculation of p-values or critical values. These values depend on the specific theoretical
distribution being tested against and whether parameters are estimated or known. Tables and
asymptotic approximations are commonly used to determine the significance of the observed
statistic.

Applications and Use Cases
The Cramer von Mises test has broad applications across statistics, data science, and various
scientific disciplines. Its ability to assess the fit of data to a hypothesized distribution makes it
especially useful in model validation, quality control, and risk analysis.

Common Use Cases

Model Validation: Testing if residuals or errors follow a normal distribution in regression
analysis.

Reliability Engineering: Assessing if failure times adhere to a specified lifetime distribution
such as Weibull or exponential.

Environmental Science: Verifying distributional assumptions on climate or pollution data.

Finance: Confirming the fit of asset returns to theoretical models for risk assessment.

Quality Control: Ensuring manufacturing process data complies with expected distributional
models.

Adaptability to Different Distributions
The flexibility of the Cramer von Mises test allows it to be adapted for many types of distributions,
including continuous and discrete ones. It can be employed to test for uniform, normal, exponential,
logistic, or more complex distributions, making it a versatile tool in applied statistics.

Procedure for Conducting the Test
Performing the Cramer von Mises test involves a series of steps that start with data collection and end
with statistical decision-making. The procedure can be implemented manually or through statistical
software that supports goodness-of-fit testing.



Step-by-Step Guide

Formulate Hypotheses: State the null hypothesis (data follows the specified distribution) and1.
the alternative hypothesis.

Collect and Order Data: Obtain the sample and sort the data points in ascending order.2.

Calculate Theoretical CDF Values: Evaluate the hypothesized distribution’s CDF at each3.
ordered data point.

Compute Test Statistic: Use the Cramer von Mises formula to calculate W² based on the4.
empirical and theoretical CDF values.

Determine Critical Values or P-Value: Refer to statistical tables or software to find the5.
critical value or p-value corresponding to the calculated test statistic.

Make a Decision: Reject the null hypothesis if the test statistic exceeds the critical value or if6.
the p-value is below the chosen significance level (typically 0.05).

Software Implementation
Several statistical software packages and programming languages, such as R, Python (via SciPy), and
MATLAB, provide built-in functions or libraries to perform the Cramer von Mises test. These tools
simplify calculations and provide precise p-values, enhancing the test’s accessibility for practitioners.

Interpretation of Test Results
Interpreting the outcome of the Cramer von Mises test involves understanding the meaning of the
test statistic and its p-value in the context of the chosen significance level. The result guides whether
the observed data is consistent with the hypothesized distribution.

Understanding the Test Statistic
A smaller value of the Cramer von Mises statistic indicates a closer fit between the empirical and
theoretical distributions, suggesting the null hypothesis cannot be rejected. Conversely, a larger
statistic signals greater deviation, potentially leading to rejection of the null hypothesis.

Significance and P-Value
The p-value quantifies the probability of observing a test statistic as extreme as that calculated if the
null hypothesis were true. A p-value less than the significance threshold (commonly 0.05) indicates
strong evidence against the null hypothesis, implying the data does not follow the specified
distribution.



Practical Considerations
When interpreting results, it is important to consider sample size, as small samples may not provide
sufficient power to detect deviations, while very large samples may flag trivial discrepancies as
statistically significant. Additionally, if parameters are estimated from the data, adjusted critical
values or bootstrapping methods may be necessary for accurate inference.

Comparison with Other Goodness-of-Fit Tests
The Cramer von Mises test is one among several popular goodness-of-fit tests. Comparing it to
alternatives such as the Kolmogorov-Smirnov and Anderson-Darling tests helps clarify its relative
strengths and appropriate use cases.

Kolmogorov-Smirnov Test
The Kolmogorov-Smirnov (KS) test evaluates the maximum absolute difference between the empirical
and theoretical CDFs. While straightforward and widely used, the KS test is more sensitive near the
center of the distribution and less so in the tails. In contrast, the Cramer von Mises test integrates
squared differences over the entire range, providing balanced sensitivity.

Anderson-Darling Test
The Anderson-Darling test is an enhancement of the Cramer von Mises test that applies a weighting
function to emphasize tail differences in the distribution. This makes it particularly useful when tail
behavior is critical, such as in risk management or extreme value analysis. The Cramer von Mises
test, being unweighted, offers a more general goodness-of-fit assessment.

Summary of Differences

Sensitivity: Cramer von Mises balances sensitivity across the distribution; KS is focused on
maximal deviation; Anderson-Darling emphasizes tails.

Complexity: KS is simpler to compute; Cramer von Mises and Anderson-Darling require integral
calculations.

Power: Anderson-Darling often has higher power for detecting tail discrepancies; Cramer von
Mises is effective for general fit testing.

Advantages and Limitations
The Cramer von Mises test offers several benefits that enhance its utility while also presenting some
limitations that users should be aware of.



Advantages

Comprehensive Sensitivity: It evaluates the entire distribution rather than focusing on a
single point or region.

Flexibility: Applicable to many types of distributions and can be adjusted for parameter
estimation.

Good Statistical Power: Effective at detecting subtle deviations from the hypothesized
distribution.

Non-Parametric Nature: Does not require strong assumptions about distribution parameters.

Limitations

Computational Complexity: More computationally intensive than simpler tests like
Kolmogorov-Smirnov.

Less Sensitive to Tails: Compared to Anderson-Darling, it may be less powerful in detecting
tail differences.

Parameter Estimation Impact: Requires adjustments when parameters are estimated from
the sample, which can complicate interpretation.

Sample Size Dependency: May have reduced power for very small samples.

Frequently Asked Questions

What is the Cramér–von Mises test used for?
The Cramér–von Mises test is a statistical goodness-of-fit test used to determine whether a sample
comes from a specified continuous distribution.

How does the Cramér–von Mises test differ from the
Kolmogorov–Smirnov test?
While both are goodness-of-fit tests, the Cramér–von Mises test uses the integrated squared
difference between the empirical distribution function and the theoretical distribution, giving more
weight to discrepancies across the entire distribution, whereas the Kolmogorov–Smirnov test focuses
on the maximum difference.



What are the main advantages of the Cramér–von Mises test?
The Cramér–von Mises test is sensitive to differences in the entire distribution, not just at the
extremes, making it more powerful for detecting subtle deviations from the null distribution.

In which fields is the Cramér–von Mises test commonly
applied?
It is commonly used in fields such as finance, engineering, environmental studies, and any domain
requiring assessment of model fit to empirical data.

Can the Cramér–von Mises test be used for discrete
distributions?
The traditional Cramér–von Mises test is designed for continuous distributions; however, adaptations
exist for certain discrete cases, but they require careful application.

What is the null hypothesis in the Cramér–von Mises test?
The null hypothesis states that the sample data come from the specified theoretical distribution.

How is the test statistic for the Cramér–von Mises test
calculated?
The test statistic is calculated as the integral of the squared difference between the empirical
cumulative distribution function and the hypothesized cumulative distribution function, often
approximated using sample data.

Is the Cramér–von Mises test sensitive to sample size?
Yes, as with many statistical tests, larger sample sizes provide more reliable results and increase the
test's power to detect deviations from the hypothesized distribution.

Are there software packages that implement the Cramér–von
Mises test?
Yes, the Cramér–von Mises test is implemented in various statistical software packages including R
(e.g., 'goftest' package), Python (via SciPy or statsmodels), and MATLAB.

Additional Resources
1. Understanding the Cramer-Von Mises Test: Theory and Applications
This book offers a comprehensive introduction to the Cramer-Von Mises test, detailing its theoretical
foundations and practical applications. It covers the test's derivation, assumptions, and various
formulations. Examples from fields such as economics, finance, and environmental science illustrate
how the test can be applied to real-world data.



2. Goodness-of-Fit Tests and the Cramer-Von Mises Criterion
Focusing on goodness-of-fit testing, this book explores the Cramer-Von Mises criterion alongside other
statistical tests. It discusses the comparative strengths and limitations of each method and provides
guidance on selecting appropriate tests for different data scenarios. The book also includes simulation
studies and case analyses.

3. Nonparametric Statistical Methods: The Cramer-Von Mises Perspective
This text delves into nonparametric inference, emphasizing the role of the Cramer-Von Mises test in
hypothesis testing without assuming specific data distributions. It explains the test's mechanics and
its integration with other nonparametric techniques. Readers will find practical examples that
highlight the test's versatility.

4. Statistical Inference Using the Cramer-Von Mises Test
Aimed at graduate students and researchers, this book presents detailed methodologies for
conducting statistical inference using the Cramer-Von Mises test. Topics include asymptotic
distributions, power analysis, and extensions to multivariate data. The book also addresses
computational aspects and software implementations.

5. Advanced Topics in Distribution-Free Testing: The Cramer-Von Mises Approach
This advanced volume investigates distribution-free testing methods with a focus on the Cramer-Von
Mises test. It covers recent theoretical developments, modifications for complex data structures, and
applications in high-dimensional statistics. Case studies demonstrate the test’s adaptability in modern
statistical challenges.

6. Applied Statistics with the Cramer-Von Mises Test
Designed for practitioners, this book emphasizes the application of the Cramer-Von Mises test in
various industries. It includes step-by-step procedures, data analysis examples, and interpretation
guidelines. The text also discusses integration with statistical software packages to facilitate practical
use.

7. Empirical Processes and the Cramer-Von Mises Test
This book explores the relationship between empirical process theory and the Cramer-Von Mises test.
It provides a rigorous mathematical treatment of the test statistic in the context of empirical
distribution functions. Researchers interested in theoretical statistics will find detailed proofs and
extensive discussions.

8. Resampling Methods and the Cramer-Von Mises Test
Covering bootstrap and permutation techniques, this book examines how resampling methods can
enhance the application of the Cramer-Von Mises test. It discusses improvements in test accuracy and
robustness when dealing with small or dependent samples. Practical examples include environmental
data and financial time series.

9. Multivariate Extensions of the Cramer-Von Mises Test
This text focuses on extending the Cramer-Von Mises test to multivariate settings. It covers
methodological adaptations, computational challenges, and practical applications involving multiple
variables. The book is particularly useful for statisticians working with complex datasets in fields like
bioinformatics and social sciences.
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robust tools for dealing with complex data with low sample size. Key Features: Examines the most
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approach to the nonparametric test problems discussed. In addition to mathematical theory, it also
includes numerous examples and computer implementations. The book is intended for advanced



undergraduate, graduate, and postdoc students as well as young researchers. Readers should be
familiar with the basic concepts of mathematical statistics typically covered in introductory statistics
courses.
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Jha, 2012-03-05 There is a dearth of relevant books dealing with both theory and application of time
series analysis techniques, particularly in the field of water resources engineering. Therefore, many
hydrologists and hydrogeologists face difficulties in adopting time series analysis as one of the tools
for their research. This book fills this gap by providing a proper blend of theoretical and practical
aspects of time sereies analysis. It deals with a comprehensive overview of time series
characteristics in hydrology/water resources engineering, various tools and techniques for analyzing
time series data, theoretical details of 31 available statistical tests along with detailed procedures
for applying them to real-world time series data, theory and methodology of stochastic modelling,
and current status of time series analysis in hydrological sciences. In adition, it demonstrates the
application of most time series tests through a case study as well as presents a comparative
performance evaluation of various time series tests, together with four invited case studies from
India and abroad. This book will not only serve as a textbook for the students and teachers in water
resources engineering but will also serve as the most comprehensive reference to educate
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up-to-date developments in methods used in survival analysis, statistical goodness of fit, stochastic
processes for system reliability, amongst others. Many of these are related to the work of Professor
M. Nikulin in statistics over the past 30 years. The authors gather together various contributions
with a broad array of techniques and results, divided into three parts - Statistical Models and
Methods, Statistical Models and Methods in Survival Analysis, and Reliability and Maintenance. The
book is intended for researchers interested in statistical methodology and models useful in survival
analysis, system reliability and statistical testing for censored and non-censored data.
  cramer von mises test: Nonparametric Statistics with Applications to Science and Engineering
with R Paul Kvam, Brani Vidakovic, Seong-joon Kim, 2022-10-06 NONPARAMETRIC STATISTICS
WITH APPLICATIONS TO SCIENCE AND ENGINEERING WITH R Introduction to the methods and
techniques of traditional and modern nonparametric statistics, incorporating R code Nonparametric
Statistics with Applications to Science and Engineering with R presents modern nonparametric
statistics from a practical point of view, with the newly revised edition including custom R functions
implementing nonparametric methods to explain how to compute them and make them more
comprehensible. Relevant built-in functions and packages on CRAN are also provided with a sample
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but also to visualize and explore data using R’s powerful graphic systems, such as ggplot2 package
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respective chapter. New examples and exercises that enable readers to gain a deeper insight into
nonparametric statistics and increase their comprehension are also included. Some of the sample
topics discussed in Nonparametric Statistics with Applications to Science and Engineering with R
include: Basics of probability, statistics, Bayesian statistics, order statistics, Kolmogorov–Smirnov
test statistics, rank tests, and designed experiments Categorical data, estimating distribution
functions, density estimation, least squares regression, curve fitting techniques, wavelets, and
bootstrap sampling EM algorithms, statistical learning, nonparametric Bayes, WinBUGS, properties
of ranks, and Spearman coefficient of rank correlation Chi-square and goodness-of-fit, contingency



tables, Fisher exact test, MC Nemar test, Cochran’s test, Mantel–Haenszel test, and Empirical
Likelihood Nonparametric Statistics with Applications to Science and Engineering with R is a highly
valuable resource for graduate students in engineering and the physical and mathematical sciences,
as well as researchers who need a more comprehensive, but succinct understanding of modern
nonparametric statistical methods.
  cramer von mises test: Rock Mechanics and Rock Engineering: From the Past to the
Future Reşat Ulusay, 2016-11-18 Rock Mechanics and Rock Engineering: From the Past to the
Future contains the contributions presented at EUROCK2016, the 2016 International Symposium of
the International Society for Rock Mechanics (ISRM 2016, Ürgüp, Cappadocia Region, Turkey, 29-31
August 2016). The contributions cover almost all aspects of rock mechanics and rock engineering
from theories to engineering practices, emphasizing the future direction of rock engineering
technologies. The 204 accepted papers and eight keynote papers, are grouped into several main
sections: - Fundamental rock mechanics - Rock properties and experimental rock mechanics -
Analytical and numerical methods in rock engineering - Stability of slopes in civil and mining
engineering - Design methodologies and analysis - Rock dynamics, rock mechanics and rock
engineering at historical sites and monuments - Underground excavations in civil and mining
engineering - Coupled processes in rock mass for underground storage and waste disposal - Rock
mass characterization - Petroleum geomechanics - Carbon dioxide sequestration -
Instrumentation-monitoring in rock engineering and back analysis - Risk management, and - the
2016 Rocha Medal Lecture and the 2016 Franklin Lecture Rock Mechanics and Rock Engineering:
From the Past to the Future will be of interest to researchers and professionals involved in the
various branches of rock mechanics and rock engineering. EUROCK 2016, organized by the Turkish
National Society for Rock Mechanics, is a continuation of the successful series of ISRM symposia in
Europe, which began in 1992 in Chester, UK.
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Newcomers to R are often intimidated by the command-line interface, the vast number of functions
and packages, or the processes of importing data and performing a simple statistical analysis. The R
Primer provides a collection of concise examples and solutions to R problems frequently
encountered by new users of this statistical software. This new edition adds coverage of R Studio
and reproducible research.
  cramer von mises test: Testing For Normality Henry C. Thode, 2002-01-25 Describes the
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Engineering field. The data which form the basis for the statistical methods helps us to take
scientific and informed decisions. Statistical methods deal with the collection, compilation, analysis
and making inference from the data. The book mainly focuses on non-parametric aspects of
Statistical methods. Non parametric methods or tests are used when the assumption about the
distribution of the variables in the data set is not known or does not follow normal distribution
assumption. Non parametric methods are useful to deal with ordered categorical data. When the
sample size is large, statistical tests are robust due to the central limit theorem property. When
sample size is small one need to use non-parametric tests. Compared to parametric tests,
non-parametric tests are less powerful i.e. if we fail to reject the null hypothesis even if it is false.
When the data set involves ranks or measured in ordinal scale then non-parametric tests are useful
and easy to construct than parametric tests. The book uses open source R statistical software to
carry out different non-parametric statistical methods with sample datasets.
  cramer von mises test: Computational Statistics in the Earth Sciences Alan D. Chave,
2017-10-19 Based on a course taught by the author, this book combines the theoretical
underpinnings of statistics with the practical analysis of Earth sciences data using MATLAB. The



book is organized to introduce the underlying concepts, and then extends these to the data, covering
methods that are most applicable to Earth sciences. Topics include classical parametric estimation
and hypothesis testing, and more advanced least squares-based, nonparametric, and resampling
estimators. Multivariate data analysis, not often encountered in introductory texts, is presented later
in the book, and compositional data is treated at the end. Datasets and bespoke MATLAB scripts
used in the book are available online, as well as additional datasets and suggested questions for use
by instructors. Aimed at entering graduate students and practicing researchers in the Earth and
ocean sciences, this book is ideal for those who want to learn how to analyse data using MATLAB in
a statistically-rigorous manner.
  cramer von mises test: Survival Analysis John P. Klein, Melvin L. Moeschberger, 2013-06-29
Applied statisticians in many fields must frequently analyze time to event data. While the statistical
tools presented in this book are applicable to data from medicine, biology, public health,
epidemiology, engineering, economics, and demography, the focus here is on applications of the
techniques to biology and medicine. The analysis of survival experiments is complicated by issues of
censoring, where an individual's life length is known to occur only in a certain period of time, and by
truncation, where individuals enter the study only if they survive a sufficient length of time or
individuals are included in the study only if the event has occurred by a given date. The use of
counting process methodology has allowed for substantial advances in the statistical theory to
account for censoring and truncation in survival experiments. This book makes these complex
methods more accessible to applied researchers without an advanced mathematical background.
The authors present the essence of these techniques, as well as classical techniques not based on
counting processes, and apply them to data. Practical suggestions for implementing the various
methods are set off in a series of Practical Notes at the end of each section. Technical details of the
derivation of the techniques are sketched in a series of Technical Notes. This book will be useful for
investigators who need to analyze censored or truncated life time data, and as a textbook for a
graduate course in survival analysis. The prerequisite is a standard course in statistical
methodology. This book...offers an excellent course in survival analysis for
  cramer von mises test: Statistical Computing with R, Second Edition Maria L. Rizzo,
2019-02-21 Computational statistics and statistical computing are two areas that employ
computational, graphical, and numerical approaches to solve statistical problems, making the
versatile R language an ideal computing environment for these fields. This second edition continues
to encompass the traditional core material of computational statistics, with an
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